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In this paperwe study the global regularity issue for the 3D incompressibleMHDequations.
It is proved that if the pressure P satisfies ∂3P ∈ Lβ(0, T ; Lµ(R3)), with 2β + 3µ ≤ 2, 3 ≤
µ < +∞ and 1 < β < +∞, then the corresponding weak solution (u, b) is regular
on [0, T ].
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
We consider here the global regularity of weak solutions to 3D incompressible MHD equations in R3 × (0,+∞):
∂tu+ u · ∇u = ν∆u−∇P + b · ∇b,
∂tb+ u · ∇b = η∆b+ b · ∇u,
div u = div b = 0,
u(x, 0) = u0(x), b(x, 0) = b0(x),
(1.1)
where u(x, t) : R3 × (0,+∞) → R3 is the fluid velocity, b(x, t) : R3 × (0,+∞) → R3 is the magnetic field, P(x, t) :
R3×(0,+∞)→ R is the pressure, ν > 0 is the kinematic viscosity and η > 0 is themagnetic diffusivity. For simplicity, we
set ν = η = 1 in the sequel. We set ∇h = (∂1, ∂2) to be the horizontal gradient, ∥ · ∥Lp the norms of the standard Lebesgue
spaces Lp(R3) and we use ∥ · ∥Lβ,µ to represent the norms of spaces Lβ(0, T ; Lµ(R3)).
3D MHD equations govern the dynamics of the velocity and magnetic fields of electrically conducting fluids such as
plasmas, liquid metals, and salt water, etc. Besides their important physical applications, the MHD equations are also
mathematically significant. It is well-known [1] that system (1.1) is local well-posed for any given initial datum (u0, b0) ∈
Hη(R3), η ≥ 3. However, the question of whether a solution to the 3D MHD equations can develop a finite time singularity
from smooth initial data with finite energy is still a challenging open problem.
On the other hand, many sufficient conditions (see, e.g., [2–15] and the references therein) were established to
guarantee the global regularity of weak solutions to (1.1). Among these results, we are interested in the so-called
Ladyzhenskaya–Prodi–Serrin’s type criteria which have been thoroughly studied for the 3D Navier–Stokes equations
(i.e., MHD equations with b ≡ 0):
∂tu+ u · ∇u = ν∆u−∇P,
div u = 0.
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Realizing the dominant role of the velocity field in the regularity issue, He and Xin [4] and Zhou [8] obtained some
Ladyzhenskaya–Prodi–Serrin’s type regularity criteria for the 3D MHD equations in terms of velocity and the gradient of
velocity, independently. They showed that, if for some T > 0, the velocity u satisfies T
0
∥u(·, t)∥βLµ dt < +∞, with
2
β
+ 3
µ
≤ 1 and µ > 3, (1.2)
or  T
0
∥∇u(·, t)∥βLµ dt < +∞, with
2
β
+ 3
µ
≤ 2 and µ > 3
2
, (1.3)
then (u, b) is regular on the interval [0, T ]. Note that (1.2) and (1.3) only involve the velocity field. As pointed in [4],
this fact is consistent with the numerical simulations in [16] and with the observations of space and laboratory plasmas
in [17].
Analogous results in terms of pressure and the gradient of pressure were obtained by Zhou in [9]. But, for technical
reason, in his paper one more condition was added on the magnetic field. Recently, by converting the 3D MHD (1.1) into
a mathematically symmetric form and utilizing the methods from [18] and [19], Duan in [11] was able to remove the
restriction on the magnetic field in [9]. It is proved that if for some T > 0 the pressure P satisfies T
0
∥P(·, t)∥βLµ dt < +∞, with
2
β
+ 3
µ
≤ 2 and µ > 3
2
,
or  T
0
∥∇P(·, t)∥βLµ dt < +∞, with
2
β
+ 3
µ
≤ 3 and µ > 1,
then (u, b) is regular on the interval [0, T ]. Some logarithmically improved regularity criteria in terms of pressure were
obtained by Zhou and Fan [13].
Very recently, by applying the following interpolation inequality:
∥φ∥Lγ ≤ C∥∂1φ∥
1
3
Lλ∥∂2φ∥
1
3
Lλ∥∂3φ∥
1
3
Lµ , (1.4)
with 1 ≤ µ, λ < +∞, 1
µ
+ 2
λ
> 1 and 1 + 3
γ
= 1
µ
+ 2
λ
, Cao and Wu [5] have presented two regularity criteria in terms
of the derivative of velocity in any one direction and the derivative of pressure in any one direction. They proved that if for
some T > 0 one of the following conditions is satisfied T
0
∥∂3u(·, t)∥βLµ dt < +∞, with
2
β
+ 3
µ
≤ 1 and µ ≥ 3, (1.5) T
0
∥∂3P(·, t)∥βLµ dt < +∞, with
2
β
+ 3
µ
≤ 7
4
and µ ≥ 12
7
, (1.6)
then (u, b) is regular on the interval [0, T ]. Note that there is still a substantial gap between (1.5), (1.6) and the natural
scaling of the 3D MHD equations (1.1). In other words, (1.5) and (1.6) are not in Ladyzhenskaya–Prodi–Serrin’s class. The
purpose of this paper is to improve condition (1.6). Specifically, we prove that:
Theorem 1.1. Assume that the initial velocity and magnetic field (u0, b0) ∈ Hη(R3), η ≥ 3, div u0 = div b0 = 0. Let (u, b)
be the corresponding solution of the 3D MHD equation (1.1). If for some T > 0 the pressure P associated with the solution
satisfies
∂3P ∈ Lβ(0, T ; Lµ(R3)), 2
β
+ 3
µ
≤ 2, 3 ≤ µ < +∞, 1 < β < +∞, (1.7)
then (u, b) is regular on [0, T ].
Remark 1.1. In the authors’ opinion, it is really a challenging open problem to show the regularity of weak solutions by
adding Ladyzhenskaya–Prodi–Serrin’s type condition:
∂3P ∈ Lβ(0, T ; Lµ(R3)), with 2
β
+ 3
µ
≤ 3, 1 < µ < +∞.
We hope we can investigate this problem in the near future.
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2. Proofs
In order to avoid the difficulties caused by the magnetic field when we do energy estimates, we convert the 3D MHD
equations (1.1) into a mathematically symmetric form:
∂tw
+ + w− · ∇w+ = ∆w+ −∇P,
∂tw
− + w+ · ∇w− = ∆w− −∇P,
divw+ = divw− = 0,
w+(x, 0) = w+0 (x), w−(x, 0) = w−0 (x),
(2.1)
wherew+ = u+ b,w− = u− b,w+0 = u0 + b0 andw−0 = u0 − b0.
Now, let us introduce some auxiliary results which will be used in the proof of Theorem 1.1. First, for the convenience of
further presentations, we rewrite the interpolation inequality (1.4) as follows:
Lemma 2.1 ([5]). Assume that φ ∈ C10 (R3), then we have
∥φ∥Lγ ≤ C∥∂3φ∥
1
3
Lµ∥∇hφ∥
2
3
Lλ ,
where µ, λ and γ satisfy:
1 ≤ µ, λ < +∞, 1
µ
+ 2
λ
> 1 and 1+ 3
γ
= 1
µ
+ 2
λ
.
The detailed proof of this lemma can be found in the appendix of Cao and Wu [5].
Next, we recall some well-known estimates for the pressure and the gradient of pressure in terms of w+ and w−. More
precisely, we have the following.
Lemma 2.2. Assume that (w+, w−, P) is a smooth solution of system (2.1), then
(i) ∥P∥Lγ ≤ C∥w+∥L2γ ∥w−∥L2γ ,
(ii) ∥∇P∥Lγ ≤ C∥w− · ∇w+∥Lγ ,
(iii) ∥∇P∥Lγ ≤ C∥w+ · ∇w−∥Lγ ,
where 1 < γ < +∞.
Proof. (i) Taking div operator on both sides of the first equation of system (2.1), one can obtain
−∆P = div(w− · ∇w+) =
3
i,j=1
∂jw
−
i ∂iw
+
j .
Due to Hölder’s inequality and the Calderón–Zygmund inequality, we have
∥P∥Lγ ≤ C∥w+∥L2γ ∥w−∥L2γ , (1 < γ < +∞).
(ii) and (iii) Similarly, taking ∇div operator on both sides of the first and the second equations of system (2.1), we find that
−∆∇P = ∇div(w− · ∇w+) = ∇div(w+ · ∇w−).
Again, by Hölder’s inequality and the Calderón–Zygmund inequality, we get
∥∇P∥Lγ ≤ C∥w− · ∇w+∥Lγ ,
and
∥∇P∥Lγ ≤ C∥w+ · ∇w−∥Lγ ,
where 1 < γ < +∞. 
To establish some new regularity criteria in terms of one component (or partial components) of the gradient of pressure
(or velocity or the gradient of velocity), an effective method is to find a ‘‘bridge’’ between the desired results and the known
criteria which are in terms of full components. The following proposition plays such a role in the proof of Theorem 1.1.
Proposition 2.3. Assume that the initial velocity and magnetic field (u0, b0) ∈ Hη(R3), η ≥ 3, div u0 = div b0 = 0. Let (u, b)
be the corresponding solution to the 3D MHD equations (1.1). If w+ andw− satisfy
sup
0≤t≤T
(∥w+(·, t)∥Ls + ∥w−(·, t)∥Ls) < +∞ (2.2)
for some s ≥ 3, then (u, b) is regular on [0, T ].
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Proof. (i) Under the assumption (2.2), the proposition in the case s > 3 is an immediate consequence of the well-known
regularity criterion in [4] and [8] (see also (1.2) above) and the triangle inequality:
∥u(·, t)∥Ls ≤ 12 (∥w
+(·, t)∥Ls + ∥w−(·, t)∥Ls).
(ii) For the critical case s = 3, the L3,∞ regularity criterion1 for the weak solutions to the 3D MHD equations (see [6])
combining with (2.2) and the following fact
∥u(·, t)∥L3 + ∥b(·, t)∥L3 ≤ ∥w+(·, t)∥L3 + ∥w−(·, t)∥L3 ,
yield (u, b) is regular on [0, T ]. This completes the proof of Proposition 2.3. 
Nowwe are ready to proof Theorem 1.1. We multiply both sides of the first equation of system (2.1) by sw+|w+|s−2 and
integrate overR3×(0, t), 0 < t ≤ T . After suitable integration by parts and taking the divergence free condition divw+ = 0
into account, we obtain
∥w+(·, t)∥sLs + s
 t
0

R3
|∇w+|2|w+|s−2 dxdτ + 4(s− 2)
s
∥∇|w+| s2 ∥2L2,2
= −s
 t
0

R3
∇P · w+|w+|s−2 dxdτ + ∥w+0 ∥sLs . (2.3)
By integration by parts, we have
− s
 t
0

R3
∇P · w+|w+|s−2 dxdτ = s
 t
0

R3
Pw+ · ∇|w+|s−2 dxdτ
= s(s− 2)
 t
0

R3
Pw+ · |w+|s−3∇|w+| dxdτ
= s(s− 2)
 t
0

R3
P
w+
|w+| |w
+| · |w+|s−3∇|w+| dxdτ
= s(s− 2)
 t
0

R3
P
w+
|w+| · |w
+| s−22

|w+| s−22 ∇|w+|

dxdτ
= 2(s− 2)
 t
0

R3
P
w+
|w+| · |w
+| s−22 ∇|w+| s2 dxdτ
≤ 2(s− 2)
 t
0

R3
|P||w+| s−22
∇|w+| s2  dxdτ . (2.4)
Combining (2.3), (2.4) with the fact that
|∇|w+ | s2 | ≤ s
2
|w+| s−22 |∇w+|,
we get
∥w+(·, t)∥sLs +
4(s− 1)
s
∥∇|w+| s2 ∥2L2,2 ≤ 2(s− 2)
 t
0

R3
|P||w+| s−22
∇|w+| s2  dxdτ + ∥w+0 ∥sLs
=: I + ∥w+0 ∥sLs . (2.5)
Next, we estimate the term I carefully. We have
I = 2(s− 2)
 t
0

R3
|P||w+| s−22
∇|w+| s2  dxdτ
≤ C
 t
0
∥P∥Ls∥w+∥
s−2
2
Ls ∥∇|w+|
s
2 ∥L2 dτ (Hölder’s inequality)
≤ C
 t
0
∥P∥2Ls∥w+∥s−2Ls dτ + ∥∇|w+|
s
2 ∥2L2,2 (Young’s inequality)
≤ C
 t
0
∥P∥2(1−θ)Lγ ∥P∥2θL s2 ∥w
+∥s−2Ls dτ + ∥∇|w+|
s
2 ∥2L2,2

interpolation inequality with
1− θ
γ
+ θs
2
= 1
s

1 More precisely, in [6] it is proved that if for some T > 0 the weak solution (u, b) satisfies sup0≤t≤T (∥u(·, t)∥L3 + ∥b(·, t)∥L3 ) < +∞, then (u, b) is
smooth on [0, T ].
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≤ C
 t
0
∥P∥2(1−θ)Lγ ∥w+∥2θ+s−2Ls ∥w−∥2θLs dτ + ∥∇|w+|
s
2 ∥2L2,2 (by Lemma 2.2 (i))
≤ C
 t
0
∥∂3P∥
2(1−θ)
3
Lµ ∥∇hP∥
4(1−θ)
3
Lλ ∥w+∥2θ+s−2Ls ∥w−∥2θLs dτ + ∥∇|w+|
s
2 ∥2L2,2
by Lemma 2.1 with1 ≤ µ, 1
µ
+ 2
λ
> 1, λ < +∞, 1+ 3
γ
= 1
µ
+ 2
λ

.
In the last inequality if we choose the number λ = 2ss+2 , then
1 ≤ 2s
s+ 2 < +∞, 1+
3
γ
= 1
µ
+ 22s
s+2
,
that is,
2 ≤ s < +∞, 3
γ
= 1
µ
+ 2
s
.
By Lemma 2.2(ii), we have
∥∇hP∥
L
2s
s+2
≤ C∥w− · ∇w+∥
L
2s
s+2
≤ C∥w−∥Ls∥∇w+∥L2 (Hölder’s inequality with
s+ 2
2s
= 1
s
+ 1
2
).
Hence
I ≤ C
 t
0
∥∂3P∥
2(1−θ)
3
Lµ ∥∇w+∥
4(1−θ)
3
L2
∥w+∥2θ+s−2Ls ∥w−∥
4
3+ 2θ3
Ls dτ + ∥∇|w+|
s
2 ∥2L2,2
≤ C
 t
0

∥∂3P∥
2(1−θ)
1+2θ
Lµ + ∥∇w+∥2L2

∥w+∥2θ+s−2Ls ∥w−∥
4
3+ 2θ3
Ls dτ + ∥∇|w+|
s
2 ∥2L2,2
Young’s inequality with
1
3
2(1−θ)
+ 13
1+2θ
= 1

≤ C
 t
0

∥∂3P∥
2(1−θ)
1+2θ
Lµ + ∥∇w+∥2L2

∥w+∥(2θ+s−2)
3s
3s−4−2θ
Ls + ∥w−∥sLs

dτ + ∥∇|w+| s2 ∥2L2,2
Young’s inequality with
1
3s
4+2θ
+ 13s
3s−4−2θ
= 1

≤ C
 t
0

∥∂3P∥
2(1−θ)
1+2θ
Lµ + ∥∇w+∥2L2
 ∥w+∥sLs + ∥w−∥sLs + 1 dτ + ∥∇|w+| s2 ∥2L2,2
(Young’s inequality). (2.6)
In (2.6), we used the following restriction:
(2θ + s− 2) 3s
3s− 4− 2θ ≤ s,
which by direct computation implies
θ ≤ 1
4
.
Similarly, we multiply both sides of the second equation of system (2.1) by sw−|w−|s−2 and integrate over R3 × (0, t),
0 < t ≤ T . After suitable integration by parts and taking the divergence free condition divw− = 0 into account, we have
∥w−(·, t)∥sLs + s
 t
0

R3
|∇w−|2|w−|s−2 dxdτ + 4(s− 2)
s
∥∇|w−| s2 ∥2L2,2
= −s
 t
0

R3
∇P · w−|w−|s−2 dxdτ + ∥w−0 ∥sLs .
By the same approach as before, we get
∥w−(·, t)∥sLs +
4(s− 1)
s
∥∇|w−| s2 ∥2L2,2 ≤ C
 t
0

∥∂3P∥
2(1−θ)
1+2θ
Lµ + ∥∇w−∥2L2
 ∥w−∥sLs + ∥w+∥sLs + 1 dτ
+∥∇|w−| s2 ∥2L2,2 + ∥w−0 ∥sLs . (2.7)
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Combining (2.5), (2.6) and (2.7), we obtain
∥w+(·, t)∥sLs + ∥w−(·, t)∥sLs + ∥∇|w+|
s
2 ∥2L2,2 + ∥∇|w−|
s
2 ∥2L2,2
≤ C
 t
0

∥∂3P∥
2(1−θ)
1+2θ
Lµ + ∥∇w+∥2L2 + ∥∇w−∥2L2
 ∥w+∥sLs + ∥w−∥sLs + 1 dτ
+∥w+0 ∥sLs + ∥w−0 ∥sLs . (2.8)
Now, summing up all the restrictions on the parameters θ, γ , s and µ, we get the following system:
1− θ
γ
+ θs
2
= 1
s
,
3
γ
= 1
µ
+ 2
s
,
θ ≤ 1
4
,
s ≥ 3.
(2.9)
From system (2.9), one can deduce that
0 ≤ θ = µ− s
4µ− s ≤
1
4
. (2.10)
Setting β = 2(1−θ)1+2θ , then by (2.10) we obtain
β = 2µ
2µ− s ,
2
β
+ 3
µ
= 2+ 3
µ
− s
µ
, with 3 ≤ s ≤ µ < +∞, 1 < β ≤ 2.
Taking s = 3, we have
2
β
+ 3
µ
= 2, 3 ≤ µ < +∞, 1 < β ≤ 2.
Hence, by (2.8), Gronwall’s inequality and Proposition 2.3, we get that if for some T > 0 the pressure P associated with the
solution (u, b) satisfies
∂3P ∈ Lβ(0, T ; Lµ(R3)), with 2
β
+ 3
µ
≤ 2, 3 ≤ µ < +∞, 1 < β ≤ 2, (2.11)
then (u, b) is regular on [0, T ]. Since Lβ1(0, T ; Lµ(R3)) ⊂ Lβ2(0, T ; Lµ(R3)) if β1 ≥ β2, we find that (1.7) implies (2.11). Thus,
we complete the proof of Theorem 1.1.
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